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The effect of out-of-plane impurities on the thermal Hall conductivity K xy of in-plane marginal- 
Fermi-liquid (MFL) quasiparticles in high-T c cuprates is examined by following the work on electrical 
Hall conductivity a xy by Varma and Abraham [Phys. Rev. Lett. 86, 4652 (2001)]. It is shown that 
the effective Lorentz force exerted by these impurities is a weak function of energies of the MFL 
quasiparticles, resulting in nearly the same temperature dependence of n xy /T and a xy , indicative of 
obedience of the Wiedemann-Franz law. The inconsistency of the theoretical result with the exper- 
imental one is speculated to be the consequence of the different amounts of out-of-plane impurities 
in the two YBaCuO samples used for the K xy and a xy measurements. 
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I. INTRODUCTION 



The temperature dependence of the in-plane longitu- 



dinal electrical conductivity o~ x 



T- 1 (rfr 1 the 



transport scattering rate), being widely observed in opti- 
mally doped high-T c cuprates, can be understood based 
on the marginal-Fermi-liquid (MFL) hypothesisEl. In this 
phenomenological theory, the MFL behavior of quasipar- 
ticles follows from the interaction between electrons and 
scale- invariant particle- hole excitation fluctuations. In 
the presence of a magnetic field, quasiparticles trajecto- 
ries are bent by the magnetic Lorentz force, resulting in 
a Hall conductivity a xy ~ r t ~ 2 ~ T~ 2 according to the 
standard Boltzmann theory. This on its own is incon- 
sistent with the experimental evidence a xy ~j-.T ob- 
served in an optimally doped YBaCuO sampleo. On the 
other hand, the thermal Hall conductivity n xy measured 
in another YBaCuO sample shows a J 1-1 - 2 dependence^, 
similar to an earlier experimental observation!! The re- 
sulting Hall-Lorenz number L xy — e K xy /(Ta xy ) ~ T° n 8 
indicates a violation of the Hal- Wiedemann-Franz lawH. 



Very recently, Varma and Abraham 



(VA)i 



proposed 



an intriguing explanation for the unusual o~ xy in terms 
of MFL quasiparticles subject to out-of-plane impurities 
which sit between conducting Cu02 planes, most—likely 
the deficient oxygens in CuO chains. VA arguedQ that 
the very existence of these impurities and their peculiar 
effects on the in-plane quasiparticle lifetime can be veri- 
fied from the experimental angle-resolved photoemission 
spectroscopy (ARPES) dataQ. The out-of-plane impuri- 
ties differ from in-plane impurities by the fact that the 
former are forward scatterers and have negligible effect on 
o~ xx . However, in the presence of a magnetic field, they 
impose an effective Lorentz force on the quasiparticles 
when the quasiparticles have anisotropic scattering rates. 
As a result, in the presence of a magnetic field, a nontriv- 
ial contribution to o~ xy from the out-of-plane impurities 
is found, and shown to be proportional to r, 
addition to the customary T~ 2 term, 

a xy = e 2 (a c T- 2 + b^ T' 3 ), 



-3 
tr 



T- 



where a c and £>c j found in Eq. ( p7| ) below, are de- 
pendent on the detailed band structure, and be P ' ) also 
depends on the out-of-plane impurity density and the 
angle dependence of the scattering from the impurities. 
For the YBaCuO sample used in the experiments and in 
the temperature regimes where the measurements were 
madea, the impurity term dominates over the. customary 
term, leading to the observation a xy ~ r _3 0. Remark- 
ably, this simple elegant idea was further shown to suc- 
cessfully explain the, complex Hall conductivity without 
any free parameters! 

In this paper we address the temperature behavior 
of K xy for the MFL quasiparticles under the scattering 
of the out-of-planc impurities. It is of particular inter- 
est to examine the Wiedemann-Franz law, which is only 
obeyed when the electrical heat and charge currents de- 
cay in the same way. In an ordinary metal, this is the 
case when an elastic scattering dominates. The pres- 
ence of a momentum-dependent inelastic scattering may 
change this conclusion, as a forward inelastic scattering 
process may decay the heat current more strongly than 
it does the electrical current. Such a violation of the 
Wiedemann-Franz law can usually be understood to be 
in association with the existence of (an) intrinsic energy 
scale (s) in the inelastic scattering. A typical example 
lies in electron-phonon interaction in the case oLwhich 
the Wiedemann-Franz law is violated for T < 9ou, with 
Qd the Debye temperature serving as the intrinsic energy 
scale. In the present problem, the remarkable property 
of the inelastic scattering leading to the MFL behavior 
is the absence of such an intrinsic energy scale. This 
along with the assumption that the normal-state band- 
structure density of states N(6) and group velocity Vk 
are constant in energy leads to our following main find- 
ing in this paper. Like o~ xy , K xy acquires both customary 
and unusual impurity terms, 



ahT~ 



6 (imp) T - 



(2) 



where au and b^" 1 ^ , shown in Eq. ([33]) below, scale with 
a c and bc mp ^ in such a way that the ratio 6|' mp ' ) /a/ l is the 



(1) 



same order of bc™ 9 ^ /a c , making the Hall-Lorenz number 
L xy a weak function of T. It is interesting to note that 
a ^independent L xy was also predicted by Coleman et 
al$-i within a different phenomenological transport the- 
ory based op-Anderson's proposal of two transport relax- 
ation timestil. 

The above result seems to disagree with the 
experiment!]. It is important to note that a xy and 
K xy reported in Refs.0 andta were measured in different 
YBaCuO samples. The sample used in the K xy measure- 
ment is slightly overdoped, and has less deficient oxygens 
in the CuO chains. So we may expect a less important 
impurity term than the customary term in n xy . We sug- 
gest to reexamine a xy in this slightly overdoped sample 
to see the customary behavior of a xy . 



II. BOLTZMANN EQUATION AND COLLISION 
INTEGRAL 



We present a simple calculation leading to the afore- 
mentioned equation [Q) (as well as Eq. (Q)]. We start 
with the Boltzmann equation determining the Fermi- 
function deviation g^ = /k — in the presence of a 
driving force T and a magnetic field B, 

(v k ■ T) %/£ + j- (vk x B) • V k 5k = C k , (3) 

where £k is the normal-state dispersion relation being 
measured from the Fermi surface (FS), and Ck the colli- 
sion integral 



with 



/dk' 
j^C(k,k')g w , 

^(k)=/|^(k', k ) 



(4) 



(5) 



the ARPES scattering rate, and C(k, k') encoding all 
information about microscopic interactions. The driving 
force in Eq. (^) is T = — eE if it is due to an electric 
field, and T = (— V r T) £k/T if it is due to a temperature 
derivative. 

Following Ref.i, we assume that in optimally doped 
cuprates the electrons are dominantly scattered from the 
unusual bosonic particle-hole collective modes, which re- 
sults in a MFL behavior, and from the out-of-plane impu- 
rities. These two scattering processes are approximately 
additive, 



C(k,k') ~ C M FL(k,k') + C imp (k,k') 



(6) 



where 



C imp (k,k') =27r5(£ k -£k')k(M')r (7) 



with 9 and 9' azimuthal angles of k and k', respectively, 
and Ui(6,6') sharply peaked at 9 = 9'. By making an 



analogy of the bosonic collective modes to phonons 112 ' 1 
C*MFL(k, k') in Eq. (^|) can be written as 



C]VIFL(k, k') — CMFL(£k,£k 



4tt7o Imx(Ck - Ck' 



,(8) 



where n°(x) is the boson distribution function, 70 is the 
coupling constant, and Iiw(£k — Ck') is the scale-invariant 
bosonic spectral functional, 



Imx(q,w) = 



-N (u/T) 
-Nq sgnoj 



for \lu\ < T 

for T < U < u e , 



(9) 



with N = (N(6))ps ((* ' ')fs is the average over the az- 
imuthal angle of the Fermi wave vector kp), and uj c a 
high frequency cutoff. 

Inserting Eq. (||) into Eq. (||) yields the quasiparticlg 
scattering rate consistent with the ARPES experiments,!!! 



r-\k) = T M ^,T) + rr'(9), 



(10) 



where 



Tmfl(6c,T)~A T 0.97 -In 



/I 



Ck 

T 



// / ( y 



imp 



](9)^9 c \u l {9,9)\ 2 N{9) 



^){$[h(M')W)]}< 



(ii) 



(12) 



with A = 4try$N$, }{x) = l/(e x + 1) and 9 C a typical 
small angle being order of (fcpd) -1 (d the distance of 
impurities to the conducting plane) characterizing the 

forward scattering nature. For £k~T, T^p L (£k, T) shown 
in Eq. ( fill) is a weak function of Ck- 

For a small T and B, one finds the formal solution for 
gu according to Eqs. (||) and (||), 



5k 



5ik + 32k, 
721,/ 



(13) 

5lk = / (k ' k ' } t (Vk ' ' T) d *» /k °'] ' (W) 

[f(vxB.V k )f] kk , 

(15) 



(2ny 
d 2 k' 



.92k 



(27T) 2 

x[(v k ,.^)a ?k ,/°], 

where T(k, k') is the matrix element of T satisfying 



1 = 



C — ^MFL 



fr 1 
imp ' 



(16) 



with f and C having matrix elements r(k)<5(k — k') and 
C(k, k'), respectively. Plugging Eqs. (|D^-(|l5|) into the 
expressions for the electrical and heat currents 

d 2 k 



Jc 



(27T) 



2 v kffk, 



d 2 k 

(27T) 



VkCkffk, 



(17) 
(18) 



3 



one sees clearly that gik and (72k determine longitudinal 
and transverse currents, respectively. 



III. ELECTRICAL CONDUCTIVITIES 

The electrical conductivities were already examined in 
detail in Ref.El, which we first review. , /£, in Eqs. 
( |l4| ) and ( |l5| ) causes the main contribution from the FS. 
A scrutiny of Eq. ( |l6| ) leads to the important equation 

tv k = r tr (k)v k + r 2 ,(k) T-\e) (v k x z), (19) 
where 

r t - 1 (k)=r^ h (0,T) + b 2 (e)r- 1 (9) 

cr M i L (0,T), (20) 
T-\6) = 2b(0) der-\0) + [dgb(6)] t^(0), (21) 

with b{9) arising from dev^a = —e a p b(ff) u k /3, a,0 = x, y, 
and t-\6) = (61/24)^(6). In Eq. g), r^(k) is 
the transport scattering rate and the contribution from 
the out-of-plane impurities b 2 (9)t~ 1 (9) is negligibly small 
due to the forward scattering nature. However, the sec- 
ond term in Eq. ( fL9| ) contributed by the same impurities 
turns out to be highly nontrivial. It can be interpreted 
as an effective Lorentz force exerted by the impurities on 
the quasinarticles. Inserting Eqs. (|l3|)-(]l5|) into Eq. ( |l7| ) 
results inO 



the right-hand-side of Eq. (p4|), the customary term, re- 
quires particle-hole asymmetric effect along the FS which 
is small for the high-T c cuprates. This fact brings about 
an interesting competition between the customary term 
and the unusual impurity term. For the experimentally 
used YBaCuO sample, the impurity term was analyzedu 
to dominate over the customary term leading to the ex- 
perimental observation a xy ~ T~ 3 . 
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FIG. 1: Lorenz and Lorenz Hall number as functions of t = 

TAoV2/t>imp. 



a xx (T) ~ e 2 (N(9)v 2 x ) FS t M fl(0, T) 
^0.29e 2 (N{9)vl x ) FS T-\ 
e 3 B 

&xy(T) ~ — — 
mc 



V2 TmflCO,? 1 ) 



+u 



imp 1 MFL 



(0,T) 



mc 



- — <j 0.085 \q 2 v 2 T- 2 



+0.025 \o 3 v lmp T~ 3 



where 



v 2 = (N(9)b(9) v 2 x ) FS , 

Vim P = (N{0) [der-HO)] v 2 y ) FS . 

Comparing Eqs. ([!]) and ( ^jj ) we see that 



eB , 
a c = — 0.085 Aq 2 v 2 , 

mc 

& (im P ) = eB Q25 A _ 3 _ 
mc 



u imp • 



(22) 



(23) 



(24) 



(25) 
(26) 



(27) 



It is clear that both a c and bc mp ^ depend on the de- 
tailed band structure, and &c mp - ) depends on the impu- 



rity scattering. As pointed out in Ref.u the first term on 



IV. THERMAL AND THERMAL HALL 
CONDUCTIVITIES 

In calculating the heat current Jq we have to keep 
the full energy dependence of the integrands of gik and 
<72k in Eqs. (jl^) and ([l5|). The crucial point about the 
MFL collective modes lies in their scale invariance and 
thus tmfl and Cmfl depend only on energy. Whereas 
in the cuprates both Uk and N(9) can be reasonably as- 
sumed to be constant in energy near the FS (accurate 
up to order T/Ep). This means that and £k can be 
treated as independent variables, and 7mfl and 7l m p in 
Eq. ( |l6| ) act on £k and Vk, respectively. Therefore, the 
effective Lorentz force exerted by the out-of-plane impu- 
rities on the MFL quasiparticles is a weak function of the 
quasiparticle energies, leading to the following equation 
similar to Eq. (|l9|), 

7"vk%/k° X [W£k,T)%/°] v k 

+ [7MFL(&,T)0 6t /£] t-\B) (v k x z). (28) 

We can readily obtain the longitudinal thermal con- 
ductivity K xx 



dt^ ( - d t ji) TMFL(tT){N(9)v 2 x (9)) FS 
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0.65 (N(9)v 2 x (0)) 



FS- 



Equations ( |29| ) and (|22|) imply the observation of the 
Wiedemann-Franz law. The Lorenz number 



L = 



2 

TO TV. 



2.24 



(29) scattering strength in the slightly overdoped YBaCuO 
sample used for the n xy measurement. It is clear that to 
confirm this speculation a systematic experimental work 
is needed. An immediate suggestion is to examine o~ xy 
in the slightly overdoped YBaCuO sample, in which n xy 

(30) was measured, to see a possible customary behavior of 



being independent of T, shown by the dashed line in Fig. 
0, is smaller than the universal value Lq = 7r 2 /3. 

We insert Eq. @ into Eqs. @ and @ to find the 
thermal Hall conductivity n xy 



v 2 Tm FL (£,T) 



+v 



imp ' MFL 



(31) 



eB 
mc 



0.134 Aq 2 v 2 T^ 1 + 0.029 Aq~ 3 v imp T~ 2 £32) 



So ah and in Eq. 

eB 



become 



a h = — 0.134 A - v 2 = 1.58 a c , 
mc 



l(™p) 



eB 



0.029 A Ui. 



mc 



1.16 b^ mp \ (33) 



which suggests the ratio b h lmp ^ /a/, ~ 1.46c P V°c- Equa- 



(34) 



tions (|24|) and (p2|) immediately lead to 
0.134 1+ 0.029 



0.085 1 + 0.025 



where t — TAo^/vimp- ia;y is a weak function of T, 
which is shown by the solid line in Fig. [l]. Therefore, the 
Hall- Wiedemann-Franz law is approximately obeyed. 



V. DISCUSSION 

The above result seems to contradict the experi- 
mentally flbserved violation of the Hall- Wiedemann- 
Franz lawtl It was already mentioned in Sec. I, how- 
ever, that K xy andfjTzy were measured in two different 
YBaCuO samplesB'tl, which usually involve different im- 
purity densities. In particular, the sample used in n xy 
measurement!] is of a higher doping level, equivalent to 
the lower oxygen deficit in the CuO chains. Taking the 
oxygen vacancies in the CuO chains to be the out-of-plane 
impurities, we expect a weaker impurity scattering in this 
sample. It is therefore likely that with the smaller Ui mp , 



shows a T dependence closer to that of the custom- 
ary term. But the important fact lies in the coexistence 
of these two terms. In Fig. 0, we show the theoretical 
results of n xy for various a/ l /6F mp , as compared with the 
experimental data (open circles). The theoretical curve 



representing ah/b h 



(imp) 



400K fits the experiments very 
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FIG. function of Tp-i Open circles represent exper- 



imental data quoted from Ref. 



We have shown that both a xy and K xy are determined 
by a competition between the customary term and the 
unusual impurity term, which depends on the detailed 
band structure and the out-of-plane impurity scattering. 
There may also be an effect from the renormalization of 
the mass, the density of state, and the group velocity of 
the electrons by the coupling to the MFL fluctuations. 
However, as in the Fermi-liquid case, this effect cancels 
out in a xy and K xy , leaving behind insignificant numerical 
prefactors of both the customary and unusual impurity 
terms. So we do not expect any qualitative change to the 
conclusion on the weak-T dependence of L xy in the same 
sample. 

Finally, we address the effect, missing in the above dis- 
cussion, of experimental boundary conditions in thermal 
conductivity measurements of no electric currents flow- 
ing through the samples. Imposing such a boundary con- 
dition causes charge accumulation at the sample edges, 
generating an effective electric field on the electronic heat 
carriers. As a result, both the thermal and thermal Hall 
conductivities acquire correction terms 



k xx 
K xy 



TS 2 a xx , (35) 
2T S S xy a xx + T S 2 a xy , (36) 



where S and S xy are the thermoelectric power and the 
Nernst coefficient multiplied by the magnetic field, re- 



well. We speculate that this corresponds to the impurity spectively. S and S xy have been studied independently 



5 



in experimentst5ta. Theoretically, they both require 
an odd-energy dependence of some combinations of v^, 
N(0), and the inelastic scattering rate, and therefore 
vanish to the first-order approximation in the present 
model. Exploring the temperature dependence of S and 
S xy by including higher-order terms in energy is beyond 
the scope of this paper. We instead take experimen- 
tal data for S and S xy in the optimally doped high-T c 
cuprates to examine the effect of the correction terms 
in Eqs. @ and @. At T = 15Q K, typical expep. 
imental values a#a n xx ~ 6W/mK,E3 a^m ~ 10 6 /fhn,t£l 
S & 10~ 5 V/K,y n xy ~ 0.015 W/mK J cr^ - 10 4 /O 
m,B and S xy - -3 x 10~ 9 V/K.E2 Thus the correction 
term in Eq. ( |35| ) is roughly 0.015W/mK being two or- 
ders smaller than the first one. The two correction terms 
in Eq. @ turn out to be 10" 5 W/mK and 1.5 x 10~ 4 
W/mK, respectively. Neglecting the second term on the 
right-hand side of Eq. (pq), we set the temperature de- 
pendence of S(T) =S - aT(a > 0) (RefH) in the third 
term, and find that it increases the impurity T~ 2 term in 
K xy slightly more than the customary T" 1 term. There- 
fore, our conclusion that n xy and o~ xy approximately obey 
the Wiedemann- Franz law in the same sample still holds. 

VI. CONCLUSION 

In summary, we have examined the thermal Hall con- 
ductivity for MFL quasiparticles being scattered from the 



out-of-plane impurities, by following the phenomenologi- 
cal work on electrical Hall conductivity in Refill. We find 
that these impurities have very similar effects on both 
a xy and K xy , and the effective Lorentz force they impose 
on the MFL quasiparticles depends weakly on the quasi- 
particle energy. This immediately leads to nearly the 
same temperature dependence of K xy /T and o~ xy . We 
argue that the different temperature behaviors of K xy /T 
and a xy observed in the experiments may originate from 
different samples being measured. In measuring n xy a 
slightly overdoped YBaCuO sample was used which has 
fewer out-of-planc impurities and hence a dominant cus- 
tomary behavior of n xy u. We suggest experiments to 
reexamine o~ xy in this sample in order to see the same 
scaling of o~ xy and n xy /T. 
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